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Sampling and Aliasing handout 1

BioE 1410 - Sampling and Aliasing handout Stetten

Consider the Fourier Transform X (a)) of a signal x(¢) sampled at frequency w,. Comparing

X (a)) to X (a) + o, ), we find that adding w, adds a complete extra revolution to each phasor as
you step from one sample of x(z) and the next. After all,w, is by definition one revolution per
sample. Performing a complete extra revolution on a phasor leaves its value unchanged.

Therefore,

X(a))=X(a)+a)S) (1)

In fact, performing any integer + k number of extra revolutions on any of the phasors that
constitute x(z) leaves it unchanged, so

X()=X(+kow,) k=0%12,.... (2)

Therefore, X (a)) is periodic in the frequency domain, with the period being equal to w,. It may
seem strange that a “period” can be a frequency, but remember that X (a)) is a function of

frequency.

To recreate x(¢) we only need one period of X (a)), which we can isolate using a band-pass

filter between — % and % . We shall call this period the base-band, because it is that

frequency band which includes the frequency w = 0. The inverse Fourier transform for X (a)) is

found by integrating over that (or any other) single period of X (a)) ,

)= [X()k"do. O

If the original signal x() contains only frequencies inside the base-band before it is sampled,
those frequencies will show up unaltered in the base-band of X (a)) after sampling. Copies will

appear in neighboring periods at xkw_. For example, in
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Sampling and Aliasing handout 2

x(1) = sin(%a)st) 4)

S

(see Fig. 1) the original phasors (in bold) fall in the base-band of X (a)) between — % and %

(dotted box). Copies of the phasors appear in neighboring periods.
Im{X(w)}

. 1
x(f)=s1mn —w. 1
(1) =sin 2o,

()
-, 0, il o,

Fig. 1 No aliasing occurs when original phasors (bold arrows) occur at less than half the
sampling frequency, falling within the base-band (dotted box) of Im{X (a))}

. . w . . . .
However, if phasors occur at frequencies || > 73 outside the base-band, neighboring copies

will extend back into the base period and aliasing will occur. Such is the case in Fig. 2 with

x(1) = sin(%wst) . 5)
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Sampling and Aliasing handout 3

Im{X(w)}
B P e |
| |
| |
Ll k=+1 i
x(1) =sin = ¢ | i :
4 //I( ~.\ :
: T \ |
|
I |
| |
| |
| |
Q)
- s — & ([L (l).\'

2 ?
I |
| |

1 Y\ 1 /7

| ~ | 7

: e
1 k =-1 |
| |
L A |

Fig. 2 Aliasing occurs when original frequencies (bold arrows) are greater than half the
sampling frequency, falling outside the base period (dotted box) of Im{X (a))}

The original phasors (bold) fall outside the base period, and copies from neighboring periods of

X (a)) show up in the base period, creating an alias signal that by inspection is
- sin(lw t) (6)
4 7

Note the negative sign, as see earlier in the lecture when plotting the sampled signal in the time

domain.
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